We consider the complex problem of how to calculate particle motions taking into account multiparticle collisions. Multiparticle contacts occur when a particle collides with neighbouring particles, so that those contacts have a direct in®uence on each other. We will focus on the molecular dynamics method. Particularly, we will analyse what happens in cohesive materials during multiparticle contacts. We investigated the expression of repulsive force formulated under fractional calculus which is able to control dynamically the transfer and dissipation of energy in granular media. Such approach allows to perform simulations of arbitrary multiparticle collisions and also granular cohesion dynamics.
Introduction
The mechanics of granular materials has generated much interest within the physics and engineering communities. The key aspect in simulation of motion of a granular material involves particle contacts that may eventually take place between particles. The collision process is responsible for the transfer and dissipation of energy between particles. In the motion of granular materials the contact process is characterised by its collisional time t c . In dry and lean granular media we observe binary collisions between particles and therefore the collisional time t c is in¯nitesimally short. In dense granular systems, we notice multiparticle contacts because often collisional times between two particles are ¤ E-mail: jale@k2.pcz.czest.pl long in comparison to their separation times. Multiparticle contacts occur when a particle collides with surrounding particles, so that those contacts have a direct in°uence on each other. In the natural motion of granular materials extorted by optional forces, all the considered cases are locally distinguished as existing either respectively or simultaneously. Therefore simulations such a motion are limited by assumptions concerning the contact process.
Two di®erent approaches exist in order to model the dynamics of a granular material. Continuum models [3] assume binary collisions between particles. Simulations including these models do not consider the discrete nature and anisotropic properties of the contacting particles. Unfortunately, the introduction of real quantities such as distribution of particle shapes, their surface roughness, etc., substantially restrict the application of continuum models. Discrete models [1, 13] much better re°ect the collision process. In the discrete approach one can distinguish two methods, called the molecular dynamics method and the event driven method, in order to model the dynamics of granular materials. The molecular dynamics method [9, 12] leads to an assumption of an expression of the repulsive force acting between a pair of contacting particles. Of course the modelling of realistic deformations of the contacting particles would be much too complicated. Therefore in the molecular dynamics the particles virtually overlap. This overlap re°ects the quantity important for the interaction potential. The interaction is short range, i.e. the particles interact when they are stick together. The event driven method [1, 10] assumes instantaneously change the direction and value of the velocities according to conservation equations each time a binary contact occurs. An event occurs either when there is a collision between two particles or a particle hits a wall. Note that multiparticle contacts in discrete models are decomposed into several binary collisions.
In this paper we will concentrate on the molecular dynamics method. Consequently we will analyse well-known interaction laws of the repulsive force in order to simulate multiparticle contacts. Note that the molecular dynamics method underestimates energy dissipation in multiparticle contacts [9, 12] , whereas in the event driven method the inelastic collapse [1, 10] occurs.
Modelling of particle motion within the molecular dynamics method
We consider a set of spherical particles moving under optional extortion. The particles are numbered from 1 to np sequentially. Taking into account an individual particle, we can characterise the particle trough its radius r i , mass m i , inertia moment I i , position x i , linear speed _ x i and angular velocity ! i , for i = 1; : : : ; np. Let us turn our attention for motion of individual particles which do not contact themselves, as shown in Fig. 1a , or the motion of colliding particles, as presented on Fig. 1b . We can focus on a particle i which collides with neighbouring particles j(i). We can describe motion of an individual 
The above formula describes the motion of the particle i which collides with neighbouring particles indexed by the natural function j(i) (where j(i) 6 = i), where F l denotes an optional force, M l , is an optional torque, Q j(i) is a repulsive force acting between a pair of colliding particles and s j(i) indicates the branch vector connecting the mass centre of particle i with the point of application of the repulsive force Q j(i) . The point is de¯ned as the centre of mass of the overlapping region as shown in detail A in Fig. 1b and in additional explanations given later.
Coordinate system and de¯nition of the overlap
The forms of repulsive force are de¯ned in the molecular dynamics method [12] . In this approach particles during a contact virtually overlap. We de¯ne the overlap of two particles experiencing a contact in the following form (see also detail A in Fig. 1b 
In the case°° j(i)°°= 0 one can¯nd a time t ¤ j(i) when a collision begins. Let C j(i) be a point of application of the repulsive force which is taken as the center of mass of the overlapping region. We de¯ne the relative velocity e u j(i) of the particle i and the particle j(i) at the point
where u i and u j(i) are linear velocities of two contacting particles. A normal unit vector e j(i) that connects the particles' centres of mass reads
where k¢k indicates the norm calculated according to the relative coordinate
The relative velocity (3) can be decomposed into its normal
and tangential (rotated by
part. Following on from above considerations we need to de¯ne tangential unit vectors which operates on a plane being tangent to the normal component (5) . Thus, we have
where k¢k x;y indicates the norm which is calculated in the tangent plane to the normal direction. Taking into account above expressions we introduce vectors of the overlap (2) as
Above expressions are necessary that to de¯ne some forms of the repulsive force. Several repulsive forces becomes interaction laws in the molecular dynamics technique. Additionally we decompose the force into
is the force acting on the normal direction and Q´j (i) , Q » j(i) are forces operating on the tangential direction.
Fractional interaction law for the repulsive force
With regard to eq. (1) we present well-known interaction laws for the repulsive force. The force proposed be Cundall and Strack [2] involves a linear combination of viscous and elastic terms. This was called the linear interaction law. Kuwabara and Kono [4] extended the Hertz contact theory and proposed the non-linear version of the linear interaction law. Walton and Braun [14] assumed the elastoplastic deformation during a contact. This was called the hysteretic interaction law. We neglect here a mathematical description of basic interaction laws which one can¯nd in [2, 4, 12, 14] .
In opposite to the basic interaction laws, where they operated in smooth surfaces in topological sense, the fractional interaction law operates on rough surfaces [6, 8] . Several studies [6, 7, 8] connected with this law are only dedicated to the repulsive force in the normal direction. According to [6, 8] we have the normal force in the following form
where k j(i) , c j(i) are spring and dumping coe±cients, t ¤ j(i) is a time when a collision begins, t j(i) is a time when a collision ends, t ¤
¢ denotes the di®erential operator of fractional order ® j(i) . According to [11] we introduce a de¯nition of this operator
where the sum represents initial conditions and
where n = [®] + 1 and [¢] denotes an integer part of a real number.
It should be noted in [6] that in multiparticle contacts we need to take into account the sum of forces (11) running over the all contacting particles. It also notices that eq. (11) re°ects the fractional interaction law valid for a two-particle contact. We assume that multiparticle contacts can be decomposed into several two-particle contacts where eq. (11) is used. Nevertheless in this approach we cannot observe direct in°uence of one binary contact into the another binary contact. This means that particle contacts are independent from one another. In order to create some dependence between several binary contacts within multiparticle contacts we need to control the parameter ® j(i) . As explained in [6] the parameter ® j(i) represents the degree of conversion of impact energy into viscoelasticity of the material. Moreover the parameter ® j(i) operates on fractal surfaces in a topological sense, where the contacting surfaces are rough. In analysis of the behaviour of dynamics of an \object" composed with several contacting particles we assume that the parameter ® j(i) is a sum of two independent components. The¯rst one re°ects the conversion degree between a binary contact and we denoted this as ® 0 j(i) . The second is the induced degree of conversion which depends on impact energy of additional contacts having indirect in°uence into considered binary contact. This means that during a two-particle contact, an additional particle creates a contact with the previous contacting particles. In this general case the parameter ® j(i) should take a form
where ® 00 j(i) is the induced degree of conversion and ® 0 j(i) is the conversion degree between one binary contact. In this way we can control the repulsive force (11) and adapt it to multiparticle contacts.
In order to extend this to the fractional interaction law, we are able to introduce the forces operating in a tangential plane. Here we introduce the normal force of a particle i acting on a particle j(i) as
Formula (15) involves the positive sign of the normal force. In this case we are able to include situation that the particle i acts with the particle j(i). On the other hand, if the particle j(i) acts with the particle i the normal force in direction from i to j(i) has to be zero. This analysis has a direct e®ect on the frictional force which operates in the tangential direction. Thus we have
where u t j(i) is determined by formula (6). Eq. (16) presents the frictional force in the general form. It should be noted that for a negative value of the normal force eq. (15) is zero and therefore the frictional force equals also to zero. On the other hand, when the tangential velocity u t j(i) given by formula (6) is zero, the frictional force has to be zero. According the above considerations, we introduce the tangential forces as
The interesting advantage of this law is a possibility to perform simulations of granular cohesion dynamics which issues from the fact that the contacting surfaces are rough [6, 8] .
The next advantage involves coe±cients k j(i) , c j(i) which have physical sense. In this law the coe±cients k j(i) , c j(i) are constants of two contacting materials. Note that in other interaction laws the coe±cients have normal and tangential directions. It has no physical sense and one uses this that the modelled behaviour will be realistic. With regard to the coe±cients applied in the fractional interaction law it needs to validate k j(i) , c j(i) and ® j(i) experimentally in order to re°ect a realistic collision.
In order to analyse the dynamics of multiparticle collisions in the general form we need to solve the system of equations (1), where the fractional interaction law (11) is applied. From the mathematical point of view, we have the system of ordinary di®erential equations which involves a mixture of integer and fractional derivatives. The algorithm for multi-collision detection and administration for the repulsive force-overlap path one can nd in [7] . The numerical treatment of the fractional derivative as well as the fractional di®erential equations is also presented in [5, 11] .
Results and their analysis
The¯rst example, presented in Fig. 2 takes into account the dependence of the energy dissipation on the number of particles which collide with the plate. Here we introduce the de¯nition of the energy dissipation which is the ratio of the kinetic energy evaluated in time over the initial kinetic energy. Taking into account results presented by [9, 12] between particles and then we set l
, for i = 1; : : : ; np ¡ 1. Fig. 2 shows this energy dissipation being dependent on the number of particles np for di®erent interaction laws and also for the event driven method. For linear [2] , non-linear [4] and hysteretic [14] laws we noted the same dependencies as in [9] . In the fractional interaction law, when we increase the conversion degree ®, the energy dissipation is also increased. As written in [9, 12] the energy dissipation obtained from the event driven technique is close to zero for np(1 ¡ e) large, where e denotes here the restitution coe±cient. Taking this fact into account, we can obtain satisfactory results by considering some variations of ® which increases with the number of particles. With regard to eq. (14) we take into consideration the total conversion degree which varies over np. In this example, we tuned the total conversion factor so as to reproduce quantitatively the results obtained from the energy driven method. Fig. 2 shows such a comparison between the event driven method and the fractional interaction law, where the¯lled circles indicate the fractional interaction law (11) and the¯lled squares denotes the event driven technique. We obtained quantitatively good results for ® ¹ (np) 0:465 . However, it should be noted that in the event driven method the inelastic collapse phenomenon [10] occurs. This means that the whole energy of the system is dissipated. Therefore we cannot estimate a right value of ® by direct comparison with the event driven technique. For this comparison we require experimental data involving more than one contact. This data will provide right measures that to allow analytical links to be made between the experiment and the model parameters.
The next example presents some behaviour of four particles in two dimensional space when the parameter ® changed from 0:009 to 0:89. We assumed the following conditions ] m=s contacts at di®erent moments in time with particles which initially do not move. The thin lines represents particle trajectories when particles move separately and the thick lines are common trajectories when particles move as one object. At low values we do not notice these common trajectories and therefore binary contacts occur. When the conversion degree ® increases to ® = 0:89 we can see common trajectories of two or more particles being dependent on mutual positions. We also noted di®erent lengths of the common trajectories. This fact issues from di®erent begins of contacting times t ¤ j(i) between two interacting particles. Therefore we can simulate multiparticle contacts where we do not assume the same collisional time. Note that the collisional time t c varies over a number of contacting particles and also varies over ®. Comparing particle trajectories, as presented in Fig. 3 we can observe signi¯cant changes in particle motions being dependent on the value of the conversion degree ®. Between ® = 0:009 and ® = 0:29 linear trajectories occur. For higher variations of ® non-linear trajectories can be noted. In this case, it should be noted that the cohesion, issued from higher variations of ® and observed in multiparticle contacts, strongly modi¯es particle motions. 
Concluding remarks
In this paper, we analyzed how the fractional interaction law operates during multiparticle contacts. We then extended this law by introducing a de¯nition of the repulsive force in the tangential direction. It should be noted that the fractional interaction law is de¯ned under the fractional derivatives, where the derivatives accumulate the whole history of the particle overlap over time in weighted form. This is a great advantage of this fractional law in order to perform simulations of multiparticle collisions in arbitrary from as well as granular cohesion dynamics. In contrast to basic interaction laws, which operate on smooth contacting surfaces of a two-particle collision, the fractional interaction law operates in the rough surfaces in topological sense.
